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Abstract Localized surface plasmon singularities from
metal nanoparticles in active media are investigated
on the basis of classic linear electrodynamics. It is
found that the gain threshold is inversely proportional
to the shape factor of the particle. When relating this
phenomenon to the plasmonic field-enhanced emission
from gain units, we show that the maximum electric
field around spheroidal particles impacts upon the gain
threshold via a two-exponential decay function. Our
results provide a way to reduce the gain requirement
in metal nanoparticle-based spaser or random laser
systems.

Keywords Plasmon singularity · Metal nanoparticles ·
Gain threshold

Introduction

Over the past decades, nobel metal nanoparticles have
attracted significant attention due to their unique lo-
calized surface plasmon resonance (LSPR) properties,
which originate from the collective oscillation of con-
duction electrons in response to optical excitation. The
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resonance creates enhanced light scattering and absorp-
tion and large local field enhancement, strongly de-
pending on the shape, composition, and arrangement of
the particles, and the properties of local environment.
By changing these factors, one can control the design of
desired metamaterials for applications in sensing [1, 2],
imaging [3, 4], and medical diagnostic [5].

Recent studies have shown that incorporation of
optical gain into the adjacent dielectric can compensate
absorption in metal and thus enable new applications
of metamaterials [6–8]. Of particular interest are single
metal nanospheres in a medium with threshold gain
that exhibit a plasmon singularity, which theoretically
results in an infinite local field and scattering cross
section [9]. A relevant phenomenon of surface plas-
mon amplification by stimulated emission of radiation
(spaser) [10], based on Förster energy transfer from ex-
cited molecules to resonating metallic nanostructures,
was recently experimentally demonstrated [11]. And
random lasing resonance was observed and controlled
by incorporating metallic nanoparticles into optical
gain media [12, 13]. Strong coupling occurring between
metallic nanoparticles and gain medium was reported
in gain-assisted and gain-functionalized systems [14].
Meanwhile, theoretical analysis of the spaser phenom-
ena was carried out on metallic nanoparticles with
different geometries [15–18]. However, the influence of
particle shape on the threshold value of the lasing gain
in the surrounding medium has not yet been reported.

In this letter, using electrodynamics calculations of
the plasmon singularity, we investigate the dependence
of the gain threshold on the shape of metal nanopar-
ticles, with the aim to give a conceptual understand-
ing for the nature of gain requirement in gain-assisted
metal nanoparticle systems.
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Electrodynamic Methods

The LSPR spectra of metal nanoparticles can be calcu-
lated by solving Maxwell’s equations under appropriate
boundary conditions. In the limit of very small parti-
cles, a quasi-static approximation greatly simplifies the
problem and leads to an intuitive understanding of the
optical response in terms of dipolar radiation [19]. For
an isolated metal nanoparticle in the quasi-static limit
(particle size less than ∼ 50 nm), the Clausius–Mossotti
dipole polarizability takes the form [20]:

α = Vεm (1 + κ)

(
ε − εm

ε + κεm

)
(1)

where V is the particle volume, ε and εm are permit-
tivities of the particle and surrounding medium, respec-
tively, and κ is the shape factor, e.g., κ = 2 for spheres.
The far-field scattering cross section is obtained from
the polarizability using the optical theorem [21]:

σsca = 8π3

3λ4
|α|2 (2)

On the basis of classic linear electrodynamics, the gain
medium is considered as a dielectric with a negative
imaginary part, i.e., εm = ε′

m + iε′′
m, where ε′

m is the
real part of the dielectric response commonly used
to determine the resonance wavelength and ε′′

m is the
imaginary part that represents the amplifying response
of the medium. For noble metals like Ag and Au, ε

can be well approximated by the modified Drude model
[22, 23]:

ε (ω) = εb − ω2
p

ω2 + iωγ
(3)

where εb is the contribution from bound electrons in the
metal, ωp is the bulk plasma frequency that is related
to the density of conduction electrons, and γ is the
damping constant for the electrons. Separating Eq. 3
into real and imaginary components and noting that at
optical frequencies ω � γ give

ε′ = εb − ω2
p

ω2
(4)

and

ε′′ = γω2
p

ω3
(5)

From Eq. 1, the plasmon resonance occurs whenever
the condition of ε′ = −κε′

m is fulfilled. This leads to the
LSPR wavelength given by

λ0 = 2πc
ωp

(
εb + κε′

m

)1/2 (6)

where c is the speed of light. At the wavelength, if the
imaginary part in the denominator of Eq. 1 becomes
zero, then plasmon singularity occurs along with ex-
tremely large scattering cross section (see Eq. 2). This
condition can be satisfied with

ε′′
m = − γ

κωp

(
εb + κε′

m

)3/2 (7)

The gain threshold is therefore obtained as follows [7,
9, 24]:

gth = −2π

λ0

ε′′
m√
ε′

m

= γ

c

(
εb

κ
√

ε′
m

+ √
ε′

m

)
(8)

Here, the gain medium under consideration is com-
posed of optically pumped dye molecules or semicon-
ductor nanoparticles (as gain units) dispersed in solu-
tion. The gain coefficient g is related to the stimulated
emission cross section σe and the density N via g = Nσe

[24, 25]. The resonator (or cavity) that supports surface
plasmon modes can be any metal nanoparticles, but a
good overlap of the resonant response with the emis-
sion spectrum of gain units should be ensured [18]. In
this letter, we consider prolate ellipsoid nanoparticles
with the polarization along the major axes, the shape
factor

κ = 1 − L
L

(9)

with depolarization factor L given by

L = abd
2

∫ ∞

0

dq(
a2 + q

) √(
a2 + q

) (
b 2 + q

) (
d2 + q

)
(10)

where a, b , and d are the semiaxes.
In the following calculations, the Drude parameters

are assigned as εb = 9.5, �ωp = 8.95 eV, and �γ =
0.067 eV for gold [26, 27], while εb = 3.9, �ωp = 9.2 eV,
and �γ = 0.021 eV for silver [28, 29].

Results and Discussion

Figure 1a, b shows the dependence of gain threshold gth

and imaginary part ε′′
m on the aspect ratio of gold and

silver nanospheroids, respectively. The real part ε′
m is

set equal to 1.77 (aqueous). It can be seen that, with
increasing the aspect ratio from 1.0 to 8.0, the value
of ε′′

m first increases and then decreases, while the gain
threshold gth decreases all along. In fact, as indicated
in Eq. 8, the gain threshold is inversely proportional
to the shape factor κ , which rises exponentially with
increasing particle aspect ratio. This means that one
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Fig. 1 Calculated gain threshold gth and imaginary part ε′′
m

plotted against the aspect ratio of a gold and b silver prolate
nanospheroids with ε′

m = 1.77. The corresponding LSPR wave-
length is shown on the top axis

can lower the gain threshold by optimizing the particle
shape. There is about 3-fold decrease of gain threshold
for gold prolate spheroids with high aspect ratio com-
pared to that for gold spheres, as seen in Fig. 1a. For
silver spheroids with aspect ratio of 5.0–8.0, the value of
gth is ∼ 1.6 × 103cm−1 (see Fig. 1b) that is quite possible
to achieve experimentally [13]. Using a typical value of
σe = 2.5 × 10−16cm2 [9], one can estimate the threshold
number of excited dye molecules per nanoparticle to
be ∼ 2.9 × 102, when taken per volume occupied by a
silver spheroid particle with an equivalent volume to a
22-nm radius sphere. This number is far less than that
is required to realize a spaser experimentally [11]. In
addition, spheroid particles have a plasmon mode with
stable polarization along the major axis [18], making
them excellent candidates for the spaser.

Note here the onset of electronic interband transi-
tions from the valence band to the Fermi level causes
a sharp increase in the imaginary part ε′′, which is

not included in Eq. 3. Consequently, for the resonance
energy close to the edge of interband transitions region
(ca. 2.5 eV for gold and 3.8 eV for silver) [30], more
gain is required to compensate Joule losses caused by
interband damping. As for particles we considered,
their LSPR energy are mostly beyond the edge (see
Fig. 1). So it does not affect the trend in the dependence
of gain threshold on the shape factor.

The underlying physics of the behavior in gain units
adjacent to the metal nanoparticle is believed to be
closely associated with the plasmonic field [8, 13, 31].
Therefore, the influence of local electric field on the
gain threshold is investigated. The fields around metal
nanoparticles are known to be varied with the polar
angle of the target. For simplicity, we consider the
maximum local field on the particle surface, which can
be expressed as follows [32]:

Emax =
√

|1−β|2+ 2Re ((1 − β) β∗)
L

+ |β|2
L2

E0 ≈ κ|β| E0

(11)

where E0 is the incident electric field and β =
(ε − εm)/(ε + κεm), which has an absolute value of
about (1 + κ) ε′

mωp/γ
(
εb + κε′

m

)3/2 at the resonant fre-
quency. The maximum local field is seen to be depen-
dent on the shape and composition of the particle and
on the dielectric properties of the medium. Consider
the effect of the shape alone, the maximum field Emax

is found to increase monotonously with increasing the
shape factor κ for each metal and fixed value of ε′

m
(see, for example, the inset in Fig. 2b). The opposite
tendency between gth − κ and Emax − κ suggests an in-
triguing relationship between gth and Emax. Combining
Eqs. 8 and 11 to eliminate the shape factor κ , one gets
a complex relation between gth and Emax. However,
Fig. 2 shows that gth decreases continuously with in-
creasing Emax/E0 for each metal and fixed value of
ε′

m. Furthermore, all these curves can be accurately de-
scribed by the sum of two exponents, resulting in gth ∝
a1exp(−Emax/τ1) + a2exp(−Emax/τ2), where a1, a2, τ1,

and τ2 are coefficients. That is, as the local electric field
of the metal nanoparticles is increased, the gain thresh-
old decreases at first sharply and then gently. This can
be understood since the high local fields created by
the LSPR can excite the gain units and stimulate more
emission and then lower the gain threshold. Addition-
ally, excited gain units can undergo near-field interac-
tions with metals, amplifying plasmons that are then
radiated into free space. This interaction process yields
the very strong feedback in the spaser [18], until limited
by saturation effects [9]. So the shape dependence of
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Fig. 2 Calculated gain threshold gth plotted against the maxi-
mum normalized field Emax/E0 of a gold and b silver prolate
nanospheroids with various aspect ratio for different values of ε′

m.
The particle aspect ratio varies from 1.0 to 8.0 with a step of 0.2.
The solid lines are fits of the data to the two-exponential decay
function. The inset in b shows a plot of the maximum normalized
field Emax/E0 as a function of the shape factor κ of silver prolate
nanospheroids for different values of ε′

m

the gain threshold can be explained with the plasmonic
field-controlled gain availability in the systems. It is also
noticed that the maximum local field Emax decreases
with an increase in ε′

m for high values of κ , which
consequently results in the increase of gth.

Now we estimate the local electric field at the singu-
larity when saturation effects from the gain medium are
taken into account. Following the spirit and notation
of [9], we express Δ (the ratio of the maximum local
field Emax to the saturation electric field Es) in a self-
consistent equation:

Δ3 + (1 + η2)Δ = κη1Δ0
(
1 + Δ2

)
(12)

where Δ0 = E0/Es, η1 =(1+κ) ε′
m/ε′′, and η2 = κε′′

m/ε′′.
Numerical results of the maximum plasmonic field in

Fig. 3 The maximum local field (given in units of Es) plotted
against η2 for silver prolate nanospheroids with various shape
factor κ when Δ0 = 10−10 and ε′

m = 1.77

the active medium are summarized in Fig. 3, where Δ is
plotted against η2 for silver prolate nanospheroids with
various shape factor κ . The incident field value Δ0 is set
to 10−10 and ε′

m is set to 1.77. It can be seen that, when
the gain medium has a high saturation intensity and
a gain coefficient exceeding the threshold (η2 < −1),
the value of the plasmonic field ultimately reaches a
steady-state value near Es, which is independent of the
shape factor κ . And in the saturable-absorption case
(η2 > 0), Δ remains close to κη1Δ0 which increases with
increasing κ for a fixed ε′

m.

Conclusions

In conclusion, we have studied the condition for the
plasmon singularity in gain-assisted metal nanoparticle
systems. It is interesting to find that the gain threshold
has a reciprocal relationship with the shape factor of
the particle. When relating the shape factor to the local
plasmonic field, we showed that the maximum electric
field around the spheroid particle impacts upon the
gain threshold via a two-exponential decay function.
We also showed that when the active medium has a
gain exceeding the threshold, the local electric field at
the singularity evolves to a steady-state value near Es

due to the saturation effects, which is independent of
the shape factor. Our results provide a conceptual un-
derstanding for the nature of gain requirement in metal
nanoparticle-based spaser or random laser systems.
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